Introduction {#Sec1}
============

Data clustering is a fundamental yet still very challenging problem in data mining and knowledge discovery \[[@CR13]\]. A large number of clustering techniques have been developed in the past few decades \[[@CR2]--[@CR6], [@CR8]--[@CR12], [@CR14]--[@CR18], [@CR21]--[@CR24]\], out of which the spectral clustering has been a very important category with its effectiveness and robustness in dealing with complex data \[[@CR3], [@CR6], [@CR14], [@CR18], [@CR22]\]. In this paper, we focus on the spectral clustering technique, especially for high-dimensional scenarios.

In high-dimensional data, it is often recognized that the cluster structures of data may lie in some low-dimensional subspaces \[[@CR3]\]. Starting from this assumption, many efforts have been made to enable the spectral clustering for high-dimensional data by exploiting the subspace information from different technical perspectives \[[@CR1], [@CR3], [@CR4], [@CR15], [@CR17], [@CR21], [@CR23]\]. Typically, a new affinity matrix is often learned with the subspace structure taken into consideration, upon which the spectral clustering process is then performed. For example, Liu et al. \[[@CR17]\] proposed a low-rank representation (LRR) approach to learn an affinity matrix, whose goal is to segment the data points into their respective subspaces. Chen et al. \[[@CR1]\] exploited *K*-nearest neighbor (*K*-NN) based sparse representation coefficient vectors to build an affinity matrix for high-dimensional data. He et al. \[[@CR4]\] used information theoretic objective functions to combine structured LRRs, where the global structure of data is incorporated. Li et al. \[[@CR15]\] presented a subspace clustering approach based on Cauchy loss function (CLF) to alleviate the potential noise in high-dimensional data. Elhamifar and Vidal \[[@CR3]\] proposed the sparse subspace clustering (SSC) approach by incorporating the low-dimensional neighborhood information, where each data point is represented by a combination of other points in its own subspace and a new similarity matrix is then constructed. You et al. \[[@CR23]\] extended the SSC approach by introducing orthogonal matching pursuit (OMP) to learn a subspace-preserving representation. Wang et al. \[[@CR21]\] combined SSC and LRR into a novel low-rank sparse subspace clustering (LRSSC) approach.

Although these methods \[[@CR1], [@CR3], [@CR4], [@CR15], [@CR17], [@CR21], [@CR23]\] have made significant progress in exploiting subspace information for enhancing spectral clustering of high-dimensional data, most of them tend to utilize a single affinity graph (associated with a single affinity matrix) by subspace learning, but lack the ability to go beyond a single affinity graph to jointly explore a variety of graph structures in various subspaces in the high-dimensional space. To overcome this limitation, this paper presents a new **s**pectral **c**lustering by **s**ubspace **r**andomization and **g**raph **f**usion (SC-SRGF) approach. Specifically, multiple random subspaces are first produced, based on which we construct multiple *K*-NN affinity graphs to capture the locality information in various subspaces. Then, the multiple affinity graphs (associated with multiple affinity matrices) are integrated into a unified affinity graph by using an iterative similarity network fusion scheme. With the unified graph obtained, the final spectral clustering result can be obtained by partitioning the this new affinity graph. We conduct experiments on twelve high-dimensional datasets, which have shown the superiority of our approach.

The rest of the paper is organized as follows. The proposed approach is described in Sect. [2](#Sec2){ref-type="sec"}. The experimental results are reported in Sect. [3](#Sec6){ref-type="sec"}. The paper is concluded in Sect. [4](#Sec10){ref-type="sec"}.

Proposed Framework {#Sec2}
==================

In this section, we describe the overall process of the proposed SC-SRGF approach. The formulation of the clustering problem is given in Sect. [2.1](#Sec3){ref-type="sec"}. The construction of multiple *K*-NN graphs (corresponding to multiple affinity matrices) in a variety of random subspaces is introduced in Sect. [2.2](#Sec4){ref-type="sec"}. Finally, the fusion of the multiple graphs into a unified graph and the spectral clustering process are described in Sect. [2.3](#Sec5){ref-type="sec"}.

Problem Formulation {#Sec3}
-------------------
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                \begin{document}$$X\in \mathbb {R}^{n\times d}$$\end{document}$ be the data matrix, where *n* is the number of data points and *d* is the number of features. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$x_i\in \mathbb {R}^d$$\end{document}$ denote the *i*-th data point, corresponding to the *i*-row in *X*. Thus the data matrix can be represented as $\documentclass[12pt]{minimal}
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                \begin{document}$$X=(x_1,x_2,\cdots ,x_n)^\top $$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_j\in \mathbb {R}^n$$\end{document}$ denote the *j*-th data feature, corresponding to the *j*-th column in *X*. Thus the data matrix can also be represented as $\documentclass[12pt]{minimal}
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                \begin{document}$$X=(f_1,f_2,\cdots ,f_d)$$\end{document}$. The purpose of clustering is to group the *n* data points into a certain number of subsets, each of which is referred to as a cluster.

Affinity Construction in Random Subspaces {#Sec4}
-----------------------------------------

In this work, we aim to enhance the spectral clustering for high-dimensional datasets with the help of the information of various subspaces. Before exploring the subspace information, a set of random subspaces are first generated. Note that each subspace consists of a certain number of features, and thereby corresponds to a certain number of columns in the data matrix *X*.

Multiple random subspaces are generated by performing random sampling (without replacement) on the data features with a sampling ratio *r*. Let *m* denote the number of generated random subspaces. Then the set of random subspaces can be represented as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {F}=\{F^{(1)},F^{(2)},\cdots ,F^{(m)}\}, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F^{(i)}=(f^{(i)}_1,f^{(i)}_2,\cdots ,f^{(i)}_{d'}) \end{aligned}$$\end{document}$$denotes the *i*-th random subspace, $\documentclass[12pt]{minimal}
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                \begin{document}$$d'=\lfloor r\cdot d\rfloor $$\end{document}$ is the number of features. Each subspace can be viewed as selecting corresponding columns in the original data matrix. Therefore, the data sub-matrix in a given subspace $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X^{(i)}=(x^{(i)}_1,x^{(i)}_2,\cdots ,x^{(i)}_n)^{\top } \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$x^{(i)}_j\in \mathbb {R}^{d'}$$\end{document}$ denotes the *j*-th data point in this subspace.

To explore the locality structures in various subspaces, multiple *K*-NN graphs are constructed. Specifically, given a subspace $\documentclass[12pt]{minimal}
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                \begin{document}$$F^{(i)}$$\end{document}$, its *K*-NN graph can be defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} G^{(i)}=\{V,E^{(i)}\}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$V=\{x_1,x_2,\cdots ,x_n\}$$\end{document}$ is the node set and $\documentclass[12pt]{minimal}
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                \begin{document}$$E^{(i)}$$\end{document}$ is the edge set. The weights of the edges in the graph are computed as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} e^{(i)}_{jk}=&{\left\{ \begin{array}{ll}\exp (-\frac{d(x^{(i)}_j,x^{(i)}_k)}{2\sigma }),\,&{}\text {if}\,x_j\in KNN^i(x_k)\,\text {or}\,x_k\in KNN^i(x_j),\\ 0,&{}\text {otherwise,} \end{array}\right. } \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$d(x_j,x_k)$$\end{document}$ is the Euclidean distance between $\documentclass[12pt]{minimal}
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                \begin{document}$$KNN^i(x_k)$$\end{document}$ is the set of *K*-NNs of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ is set to the average distance between all points.

With the *m* random subspaces, we can construct *m* affinity graphs (corresponding to *m* affinity matrices) as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {G}=\{G^{(1)},G^{(2)},\cdots ,G^{(m)}\}. \end{aligned}$$\end{document}$$Note that these affinity graphs share the same node set (i.e., the set of all data points), but have different edge weights constructed in different subspaces, which enable them to capture a variety of underlying subspace structure information in high-dimensional space for enhanced clustering performance.

Fusing Affinity Graphs for Spectral Clustering {#Sec5}
----------------------------------------------

In this section, we proceed to fuse multiple affinity graphs (corresponding to multiple affinity matrices) into a unified affinity graph for robust spectral clustering of high-dimensional data.

Specifically, we adopt the similarity network fusion (SNF) \[[@CR20]\] scheme to fuse the information of multiple graphs. For simplicity, the set of the affinity matrices for the *m* graphs is represented as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {E}=\{E^{(1)},E^{(2)},\cdots ,E^{(m)}\}$$\end{document}$. The goal here is to merge the *m* affinity matrices in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {E}$$\end{document}$ into a unified affinity matrix $\documentclass[12pt]{minimal}
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By normalizing the rows in the affinity matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{E}^{(i)}=\{\bar{e}^{(i)}_{jk}\}_{n\times n}=(D^{(i)})^{-1}E^{(i)}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^{(i)}$$\end{document}$ is the degree matrix of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} s^{(i)}_{jk}={\left\{ \begin{array}{ll}\frac{\bar{e}^{(i)}_{jk}}{\sum _{x_l\in KNN(x_j)}\bar{e}^{(i)}_{jl}}, &{}\text {if }x_k\in KNN(x_j),\\ 0,&{}\text {otherwise.} \end{array}\right. } \end{aligned}$$\end{document}$$With the above two types of matrices defined, we can iteratively update the status matrices by exploiting the information of multiple affinity matrices. Particularly, in each iteration, the *i*-th status matrix is updated as follows \[[@CR20]\]:$$\documentclass[12pt]{minimal}
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When the status matrices converge or the maximum number of iterations is reached, the iteration process stops and the fused affinity matrix will be computed as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{E}=\frac{1}{m}\sum _{i=1}^m P^{(i)}. \end{aligned}$$\end{document}$$Then the unified matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{U}$$\end{document}$ to achieve the final spectral clustering result.Table 1.Dataset descriptionDatasetAbbr.\#InstanceDimension\#Class*Armstrong-2002-v1DS-1*7210812*Chowdary-2006DS-2*1041822*Golub-1999-v2DS-3*7218683*Alizadeh-2000-v2DS-4*6220933*Alizadeh-2000-v3DS-5*6220934*Bittner-2000DS-6*3822012*Bredel-2005DS-7*507393*Garber-2001DS-8*6645534*Khan-2001DS-9*8310694*Binary AlphaDS-10*140432036*Coil20DS-11*1440102420*Multiple FeaturesDS-12*200064910

Experiments {#Sec6}
===========

In this section, we conduct experiments on a variety of high-dimensional datasets to compare our approach against several other spectral clustering approaches.

Datasets and Evaluation Measures {#Sec7}
--------------------------------

In our experiments, twelve real-world high-dimensional datasets are used, namely, *Armstrong-2002-v1* \[[@CR19]\], *Chowdary-2006* \[[@CR19]\], *Golub-1999-v2* \[[@CR19]\], *Alizadeh-2000-v2* \[[@CR19]\], *Alizadeh-2000-v3* \[[@CR19]\], *Bittner-2000* \[[@CR19]\], *Bredel-2005* \[[@CR19]\], *Garber-2001* \[[@CR19]\], *Khan-2001* \[[@CR19]\], *Binary-Alpha* (*BA*) \[[@CR14]\], *Coil20* \[[@CR14]\], and *Multiple Features* (*MF*) \[[@CR5]\]. To simplify the description, the twelve benchmark datasets are abbreviated as *DS-1* to *DS-12*, respectively (as shown in Table [1](#Tab1){ref-type="table"}).Table 2.Average NMI over 20 runs by different methods on the benchmark datasets. The best score in each row is in bold.DatasetSCKASPSSCSSC-OMPSC-SRGF*DS-1*0.366$\documentclass[12pt]{minimal}
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Fig. 1.Number of times being ranked in the first position in Table [2](#Tab2){ref-type="table"}.

To quantitatively evaluate the clustering results of different algorithms, two widely-used evaluation measures are used, namely, normalized mutual information (NMI) \[[@CR7]\] and adjusted Rand index (ARI) \[[@CR7]\]. Note that larger values of NMI and ARI indicate better clustering results.
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Fig. 2.Number of times being ranked in the first position in Table [3](#Tab3){ref-type="table"}.

Comparison Against the Baseline Approaches {#Sec8}
------------------------------------------

In this section, we compare the proposed SC-SRGF method against four baseline spectral clustering methods, namely, original spectral clustering (SC) \[[@CR18]\], *k*-means-based approximate spectral clustering (KASP) \[[@CR22]\], sparse subspace clustering (SSC) \[[@CR3]\], and sparse subspace clustering by orthogonal matching pursuit (SSC-OMP) \[[@CR23]\]. The detailed comparison results are reported in Tables [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"}, and [4](#Tab4){ref-type="table"}, and Figs. [1](#Fig1){ref-type="fig"} and [2](#Fig2){ref-type="fig"}.

In terms of NMI, as shown in Table [2](#Tab2){ref-type="table"}, the proposed SC-SRGF method obtains the best scores on the *DS-1*, *DS-3*, *DS-4*, *DS-5*, *DS-6*, *DS-9*, *DS-10*, *DS-11*, and *DS-12* datasets. The average NMI score (across the twelve datasets) of our method is 0.626, which is much higher than the second highest average score of 0.527 (obtained by SSC). The average rank of our method is 1.25, whereas the second best method only achieves an average rank of 3.00. As shown in Fig. [1](#Fig1){ref-type="fig"}, our SC-SRGF method yields the best NMI scores on nine out of the twelve datasets in Table [2](#Tab2){ref-type="table"}, whereas the second and third best methods only achieves the best scores on two and one benchmark datasets, respectively.Table 4.Average time costs (s) by different methods on the benchmark datasets.DatasetSCKASPSSCSSC-OMPSC-SRGF*DS-1*0.1970.2150.3090.2290.296*DS-2*0.1930.2250.3160.2190.734*DS-3*0.2040.2170.3760.2220.770*DS-4*0.2030.2260.2910.2210.298*DS-5*0.2050.2240.2950.2230.296*DS-6*0.1940.2160.2990.2140.290*DS-7*0.2000.2140.2990.2150.287*DS-8*0.2130.2300.7270.2570.295*DS-9*0.2010.2170.3370.2180.295*DS-10*0.6810.3307.7400.64019.592*DS-11*0.8710.44021.5710.76920.915*DS-12*1.0600.48925.1340.78727.666

In terms of ARI, as shown in Table [3](#Tab3){ref-type="table"}, our SC-SRGF method also yields overall better performance than the baseline methods. Specifically, our method achieves an average ARI score (across twelve datasets) of 0.587, whereas the second best score is only 0.466. Our method obtains an average rank of 1.17, whereas the second best average rank is only 3.08. Further, as can be seen in Fig. [2](#Fig2){ref-type="fig"}, our method achieves the best ARI score on ten out of the twelve datasets, which also significantly outperforms the other spectral clustering methods.

In terms of time cost, as shown in Table [4](#Tab4){ref-type="table"}, it takes our SC-SRGF method less than 1 s to process the first nine smaller datasets and less than 30 s to process the other three larger datasets, which is comparable to the time costs of the SSC method. Therefore, with the experimental results in Tables [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"}, and [4](#Tab4){ref-type="table"} taken into account, it can be observed that our method is able to achieve significantly better clustering results for high-dimensional datasets (as shown in Tables [2](#Tab2){ref-type="table"} and [3](#Tab3){ref-type="table"}) while exhibiting comparable efficiency with the important baseline of SSC (as shown in Table [4](#Tab4){ref-type="table"}).

All experiments were conducted in MATLAB R2016a on a PC with i5-8400 CPU and 64 GB of RAM.

Parameter Analysis {#Sec9}
------------------

In this section, we evaluate the performance of our SC-SRGF approach with three different parameters, i.e., the number of affinity matrices (or random subspaces) *m*, the number of nearest neighbors *K*, and the sampling ratio *r*.Fig. 3.Average NMI over 20 runs by SC-SRGF with varying number of affinity matrices *m*.

**Influence of the Number of Affinity Matrices** *m***.** The parameter *m* controls the number of random subspaces to be generated, which is also the number of affinity matrices to be fused in the affinity fusion process. Figure [3](#Fig3){ref-type="fig"} illustrates the performance (w.r.t. NMI) of our SC-SRGF approach as the number of affinity matrices goes from 5 to 30 with an interval of 5. As shown in Fig. [3](#Fig3){ref-type="fig"}, the performance of SC-SRGF is stable with different values of *m*. Empirically, a moderate value of *m*, say, in the interval of \[10, 30\], is preferred. In the experiments, we use $\documentclass[12pt]{minimal}
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                \begin{document}$$m=20$$\end{document}$ on all of the datasets.

**Influence of the Number of Nearest Neighbors** *K***.** The parameter *K* controls the number of nearest neighbors when constructing the *K*-NN graphs for the multiple random subspaces. As can be seen in Fig. [4](#Fig4){ref-type="fig"}, a smaller value of *K* can be beneficial to the performance, probably due to the fact that the *K*-NN graph with a smaller *K* may better reflect the locality characteristics in a given subspace. In the experiments, we use $\documentclass[12pt]{minimal}
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                \begin{document}$$K=5$$\end{document}$ on all of the datasets.

**Influence of the Sampling Ratio** *r***.** The parameter *r* controls the sampling ratio when producing the multiple random subspaces from the high-dimensional space. As shown in Fig. [5](#Fig5){ref-type="fig"}, a moderate value of *r* is often preferred on the benchmark datasets. Empirically, it is suggested that the sampling ratio be set in the interval of \[0.2, 0.8\]. In the experiments, we use $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$r=0.5$$\end{document}$ on all of the datasets.Fig. 4.Average NMI over 20 runs by SC-SRGF with varying number of nearest neighbors *K*. Fig. 5.Average NMI over 20 runs by SC-SRGF with varying sampling ratio *r*.

**Brief Summary.** From the above experimental results, we can observe that the proposed SC-SRGF approach exhibits quite good consistency and robustness w.r.t. the three parameters, which do not require any sophisticated parameter tuning and can be safely set to some moderate values across different datasets.

Conclusion {#Sec10}
==========

In this paper, we propose a new spectral clustering approach termed SC-SRGF for high-dimensional data, which is able to explore diversified subspace information inherent in high-dimensional space by means of subspace randomization and affinity graph fusion. In particular, a set of multiple random subspaces are first generated by performing random sampling on the original feature space repeatedly. After that, multiple *K*-NN graphs are constructed to capture the locality information of the multiple subspaces. Then, we utilize an iterative graph fusion scheme to combine the multiple affinity graphs (i.e., multiple affinity matrices) into a unified affinity graph, based on which the final spectral clustering result can be achieved. We have conducted extensive experiments on twelve real-world high-dimensional datasets, which demonstrate the superiority of our SC-SRGF approach when compared with several baseline spectral clustering approaches.
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